Abstract -Onedimensional (1D) and multidimensional (MD) analysis/synthesis filter banks have attracted much attention recently. While 1D a t e r banks have been well studied and various design approaches have been successfully developed, many problems in the MD case remain unsolved. In this paper, we exploit 8 number of issues in MD filter bank design, including: the choice of permissible passband supports, the cyclic property of decimation matrices that is required for filter bank design using transformations, etc. We also propose a class of useful tree-structure filter banks, which apply to the commonly-used hexagonal decimation.
proposed an MD filter bank design method using transforms. This method produces filter banks which achieve perfect reconstruction but does provide explicit control over the filter response. On the other hand, the method mentioned in [SI has response control but there is limitation on the passband supports. In [ll], 1D filter banks are used to derive MD filter banks. The design is very efficient but, with finite impulse response filters, the resulting filter banks can only achieve approximate reconstruction. With infinite response filters, perfect reconstruction can be achieved but time-reversal o p erators have to be used. In this paper, we will exploit a number of issues in MD filter bank design, including: the choice of permissible passband supports, the cyclic property of decimation matrices that is required for filter bank design using transformations, etc. We also propose a useful treestructure filter bank for the commonly-used hexagonal decimation matrix.
Notations and Preliminaries: Notations of this paper are the same as those in Fig. 1 shows an MD analysis/synthesis filter bank. When P(n) = z(n), we say that the system achieves perfect reconstruction. The Fourier transform of f(n), denoted as g(u), can be expressed in terms of the Fourier transforms of the input signal and the filters as
PERMISSIBLE PASSBAND SUPPORTS
where oi are the aliasing offsets with respect to M. The 0-th aliasing offset 00 is chosen to be the zero vector 0. All the terms in (2) containing X ( o -ai) for i # 0 represent the aliasing. We want to choose the filters Hj (U) and Fj (U) properly such that the effect of aliasing is reduced or completely canceled.
Under the assumption that all filters have large s t o p band attenuation, the choice of passband supports of filters is very important for alias cancellation. In the 1D case, it has been shown that if the analysis filters Hj(w) are chosen as in Fig. 2(a) , e.g., as in a uniform discrete Fourier transform (DFT) filter bank, and IFj(w)J = IHj(w)I, then the aliasing can not be canceled unless M = 2 [3]. To see this, consider the case M = 3. The aliasing offsets are 0, 2n/3 and 4x13. Fig. 3 shows the aliasing terms in each of the three channels. Around w = 7r/3, there are two aliasing terms. One comes from X ( w -2n/3), and the other comes from X ( w -47r/3). Therefore, these is no way that these two aliasing terms can be canceled. On the other hand, if the analysis and synthesis filters are c h e sen as in Fig. 2(b) , e.g., as in a cosine modulated system [12] , aliasing can be canceled for any M . We say that the passband supports in Fig. 2 A similar issue also exists in the MD case. Assume that all the analysis and synthesis filters are 'good', i.e., they have large stopband attenuation. Also assume that in each channel, the analysis filter and the synthesis filter have the same passband support. Using the same argument as in the 1D case, one can verify that the passband supports shown in Fig. 4 (5) which defines the well-known quincunx decimation. It can be verified that (4) is satisfied, so the supports as shown in Fig. 5 are permissible. In fact, we can conclude from (4) that for any M with IdetMI = 2, the supports S P D ( T M -~) +oj are always permissible.
For the 1D case, the condition in (4) requires that M = 2. This is consistent with the results in [3] . If we want to cancel aliasing with nonpermissible supports, these filters can not be 'good'. This indeed explains why the alias-free DFT filter banks given in [13] can not have both good analysis filters and good synthesis filters, except for the case M = 2. See Fig. 6 which shows the frequency response of a synthesis filter in the three-channel DFT filter bank of [13] . Notice the 'bump' in the stopband around T .
In [14] , filters with allpass polyphase components were designed. These filters were used in [13] , [15] together with DFT matrices to build filter banks that achieve perfect reconstruction. This approach results in filters similar to Fig. 2(a) . Therefore, we conclude that the filters in these perfect reconstruction filter banks can not be good unless M = 2. This gives another explanation why there are 'spikes' in the s t o p band of filters in [14] .
Tree-structured Filter Banks
Consider the following matrix which defines the so-called hexagonal decimation. We now present a choice of permissible supports for hexagonal decimation. The above M can be factorized as
M D

Q
where D is a diagonal matrix and Q defines the quincunx decimation. Therefore, we can use the tree structure shown in Fig. 7 to obtain the analysis filter bank for hexagonal decimation. We choose Ho(o) and Hl(o)
to be lowpass and highpass (in the vertical-frequency direction) filters, and choose Go(o) and Gl(o) as in Fig. 5 . Since the filters in each stage are permissible, the equivalent four analysis filters, which have supports as in Fig. 8 , are also permissible. The synthesis filter bank can be obtained similarly. Also note that both the analysis and synthesis filters in the lowest frequency channel have passband supports in S P D ( T M -~) , which is often desired in practice.
This idea can be easily generalized to any M which can be factorized as the product of diagonal matrices and quincunx matrices Q (in any order), to obtain permissible supports. Moreover, both the analysis and synthesis filters corresponding to the lowest frequency band have passband supports in S P D ( T M -~) . We say this ml is a primitive element of N(M). We now present an easy way to test whether N ( M ) is cyclic, without searching through all elements in N(M). This test uses the Smith form M = UAV where U and V are unimodular integer matrices, and A is a diagcnal matrix with integer diagonal elements XO, . . ., where XilXi+l for all i [16] . This test is summarized in the following theorem: as a primitive element. In fact, we can conclude from previous facts that whenever I det MI is a prime num- 
CONCLUSIONS
Summarizing, we have addressed a number of issues in MD filter bank design. We have discussed the idea of 'permissible' passband supports. This idea can explain many problems in [13] , [14] , and [5] that have not been noticed before. We also presented a simple test to check whether N(M) is cyclic, which is a crucial condition for designing MD filter banks using transformations. 
